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Remote entanglement preparation
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We introduce a new multipartite communication scheme, with the aim to enable the senders to
remotely and obliviously provide the receivers with an arbitrary amount of multipartite entangle-
ment. The scheme is similar to Remote State Preparation (RSP). However, we show that even
though the receivers are restricted to local unitary operations, the required resources for remote
entanglement preparation are less than for RSP. In order to do so we introduce a novel canonical
form of arbitrary multipartite pure states describing an arbitrary number of qubits. Moreover, we
show that if the receivers are enabled to perform arbitrary local operations and classical communi-
cation, the required resources can drastically be reduced. We employ this protocol to derive robust
entanglement purification protocols for arbitrary pure states and show that it can also be used for
sending classical information.
Quantum information theory offers revolutionary ways
to process and transmit information. In order to un-
derstand the fundamental laws of quantum information
processing one needs to investigate both, the classical
as well as the quantum resources which are required to
achieve certain tasks, such as quantum communication
[1]. Naturally, entanglement is an important resource in
this context. Due to that and its foundational interest an
enormous effort has been made to achieve a better un-
derstanding of entanglement [2]. However, despite con-
siderable progress, many questions remain unanswered,
particularly in the realm of multipartite states [2]. In
this context, the following questions, which we address
in this article, arise very naturally: Do there exist quan-
tum communication protocols which allow some parties
to supply other spatially separated parties with arbitrary
multipartite entanglement? If the answer is yes, what are
the required resources and how do they compare to the
ones required in other communication protocols? Our
purpose is two-fold, besides shedding light in quantum
information protocols and their cost, we aim at obtain-
ing a better understanding of multipartite entanglement
and its applications.
Questions as those posed above are the focus when
addressing the limits of quantum information processing
in fundamental protocols such as teleportation [3], dense
coding [4], and Remote State Preparation (RSP) [5, 6].
As pointed out in [1] it is necessary to consider both, the
classical as well as the quantum resources in this con-
text and it would be misleading to ignore one of them.
The aim of the bipartite communication protocol, RSP
is to enable the sender, Alice (A), who is spatially sepa-
rated from the receiver, Bob (B), to prepare B’s system
in a certain state known to A using entanglement and
classical communication [5, 6]. The protocol is called
faithful if B obtains deterministically the desired state
and it is called oblivious if there is no leaking of further
information about the state to B than the information
that is already contained in the state itself. One dis-
tinguishes between the asymptotic case [6, 7] and the
single copy case. In this article we will focus on the lat-
ter, where it has been proven that the resources needed
to perform oblivious and faithful RSP for a generic en-
semble of states coincide with the resources required for
quantum teleportation [3], i.e. 1 ebit and 2 cbits per
transmitted qubit [5, 8]. Thus, the fact that A knows
the state to be prepared does not help in reducing the
required resources, unless one would restrict the set of
states to be transmitted [5, 9].
In this paper we introduce a multipartite communica-
tion scheme. In contrast to RSP, the aim here is not
to enable A to prepare an arbitrary state for B, but to
provide B, who is decomposed into several spatially sep-
arated Bi, with an arbitrary amount of multipartite en-
tanglement. All parties, the ones in A (Ai) and, more
importantly, the ones in B (Bi) are restricted to local
operations, which makes the entanglement received by B
a useful resource. The classical communication within A
and B resp. is considered to be for free. We will show
that this multipartite Remote Entanglement Preparation
(REP) requires less resources than RSP, despite the re-
striction to local operations. As we will see, the REP pro-
tocol can be easily turned into a RSP protocol. However,
in order to stress the difference between REP and RSP
let us note that in the case where B might learn about the
state, RSP can be performed using solely classical com-
munication. Contrary, REP cannot be performed since
the various Bi are spatially separated and are therefore
restricted to Local Operations assisted by Classical Com-
munication (LOCC), which does not allow them to create
any entangled state.
The outline of the paper is the following. First of all,
we present the main ideas of REP by considering the sim-
plest example of bipartite entanglement preparation. In
order to generalize it to multipartite systems we intro-
duce a novel Canonical Form (CF) for arbitrary n–qubit
states, which depends on Pn (see below) parameters. Any
n–qubit state can be transformed into its CF via Local
Unitary operators (LUs). Then, we show that any n–
qubit state in the CF can be generated deterministically
2by measuring locally Pn qubits of a certain (n + Pn)–
qubit resource state. These properties will ensure that if
A and B would share this resource state, where A holds
the Pn qubits to be measured, she is able to prepare B’s
system in an arbitrary state in the CF up to LUs, which
are performed by B after receiving the classical informa-
tion about those LUs of A. We show that this protocol
has the following properties: (I) it is oblivious, (II) it is
faithful (III) all actions performed by A and B are local
(IV) the number of ebits shared by A and B is n (V) the
number of cbits needed to be communicated from A to
B is 2n− 1, which is even less than what is required for
RSP [8]. The parties constituting B, knowing that they
will receive a state in the CF can then, in case this is re-
quired apply LUs to obtain an arbitrary state. However,
in most cases, this will, arguably not be required, since
B will make use of the entanglement contained in the
state. That is, the resource is entanglement, not a par-
ticular state. Furthermore, we go one step beyond that
and provide a protocol for remote maximally entangled
state preparation. In this context we use the notion of
maximally entangled sets [10]. Given a maximally entan-
gled set for n–partite states, any other n–partite state can
be prepared deterministically via LOCC. We show that
in the case of 3–qubit states, this allows to reduce the
required resources drastically. Moreover, we emphasize
the relevance of the new truly multipartite communica-
tion scheme by demonstrating that it can be utilized to
derive robust purification protocols for arbitrary states
and to transmit classical information.
Let us explain the main idea of the protocol by con-
sidering the first non–trivial example of preparing arbi-
trary bipartite entanglement. Due to the existence of the
Schmidt decomposition [11] an arbitrary bipartite state
can be written (up to LUs) as |Ψ(α)〉 = Z12(α) |+〉⊗2
where α ∈ IR and |±〉 denotes the eigenbasis of σ1. Here,
and in the following Zi1,...,ik(α) denotes the phase gate
eiασ
(i1)
3 ⊗...⊗σ
(ik)
3 acting non–trivially on the k systems
i1, . . . , ik and the Pauli operators are denoted by σi, with
σ0 = 1l, σ1 = σx, σ2 = σy, σ3 = σz . REP can be achieved
as follows. Initially A and B share the resource state
H⊗3 |GHZ〉A,B1,B2 , whereH denotes the Hadamard gate
and |GHZ〉 ∝ |000〉+ |111〉. A chooses the value of α, de-
pending on how much entanglement she wants to prepare
in B′s system. She performs a Von Neumann measure-
ment on her qubit, A, in the basis
Bα = {
∣∣φi(α)
〉 ≡ σi3Z(−α) |+〉}i=0,1, (1)
where i denotes the measurement outcome. It is easy
to verify that if A’s measurment outcome is 0 (1), B′s
system is prepared in the state |Ψ(α)〉 (σ3 ⊗ σ3 |Ψ(α)〉)
resp.. Hence, once A tells B the measurement outcome,
B can apply the Pauli operators locally to obtain the
state |Ψ(α)〉 deterministically. The protocol is oblivi-
ous since both, the transmitted classical information and
the resource state are independent of the prepared state.
Since the classical information within B is for free, the
required resources are 12 ebits and
1
2 cbits per transmit-
ted qubit. In contrast to that, RSP requires 1 ebit and 2
cbits per qubit [8].
We generalize this protocol now to arbitrary many
qubits. One of the difficulties here is that there does not
exist a simple generalization of the Schmidt decomposi-
tion to n–partite systems, which reflects the difference
between bipartite and multipartite states. Thus, we first
have to introduce a Canonical Form (CF) for arbitrary
n–qubit states such that each state is LU–equivalent to
its CF. As we will show, for n ≥ 3, the CF depends on
Pn = 2
n+1 + 2n−3 − 3(n + 1) real parameters (phases),
which we denote by αi. The corresponding CF will be
denoted by |Ψn({αi})〉 or simply by |Ψn〉. Then, we de-
rive a (Pn + n)–qubit resource state in analogy to the
GHZ–state in the example above. This resource state,
|Φn〉, has the property that performing local Von Neu-
mann measurements on Pn of the qubits in the bases Bβi ,
given in Eq. (1) for properly chosen phases, βi = ±αi
[24] leads, for any measurement outcome, to a state
σi1 ⊗ σi |Ψn({αi})〉 , (2)
where i1 ∈ {0, 3} and i ∈ {0, 1, 2, 3}n−1 depend on the
measurement outcomes. Here, and in the following we
use the notation σj = σj1 ⊗ . . . σjk , where j is a k–
dimensional vector (with k being specified unless it is
clear from the context) with entries jl ∈ {0, 1, 2, 3}. With
all that, the REP protocol works then as follows: (i) Ini-
tially A and B share the resource state |Φn〉, where A is
holding the Pn qubits which need to be measured and B
the other n qubits. (ii) A chooses the phases {αi} and
therefore the entanglement B receives and performs lo-
cal measurements on her qubits in the bases Bβi, given
in Eq. (1) for βi = ±αi. This prepares B’s system in
one of the states in Eq. (2). (iii) A sends the classical
information i1 ∈ {0, 3} and i ∈ {0, 1, 2, 3}n−1 to B. (iv)
B applies the local Pauli operator σi1 ⊗ σi to obtain the
desired state.
Note that for any measurement outcome, only two out
of the four Pauli operators occur on the first qubit [see
Eq. (2)]. This is the reason, why the required classi-
cal communication is only 2n − 1 cbits. Since neither
this information nor the resource state depend on the
state A wants to prepare (like the GHZ–state did not in
the example above) this faithful protocol is also oblivi-
ous. Moreover, all actions performed by A and B are
local and the number of ebits shared by A and B is n
[25]. Note that B has to know that he receives a state
in the CF since otherwise his state would be completely
mixed due to the randomness of the LUs. However, as
we will show, the description of the CF is a side informa-
tion that is independent of n and it can be agreed upon
by A and B beforehand as part of the protocol. Thus,
3even though B receives an arbitrary amount of multipar-
tite entanglement, this multipartite protocol outperforms
RSP despite the fact that all actions are local single qubit
operations.
Let us now introduce a CF of n–qubit states. In [12]
we have shown that an arbirary 3–qubit state is (up to
LUs) of the form
|Ψ3〉 = Z13(α1)Z12(α2)(T2(α3, α4)⊗ T3)Z23(α5) |+〉⊗3 ,(3)
where T3 = e
−ipi4 σ1Z(−pi4 )H , T2(α3, α4) =
ei
pi
4 σ1Z(α3)e
−i pi4 σ1Z(α4)H . Here, and in the fol-
lowing, the qubits are numerated consecutively and
the subscript of any operator different than the Pauli
operators indicates on which system it is acting on.
We generalize now this CF for an arbitrary number of
qubits. The aim is to achieve a systematic generalization
such that, as in Eq. (3), the only gates occurring in the
CF are local Clifford gates [11] and phase gates and that
on the first qubit only phase gates are acting on. As we
will see later, this will ensure that the states B obtains
are of the form given in Eq. (2).
We consider first the 4 qubit case. W. l. o. g
we write an arbitrary 4–qubit state (up to a LUs) as√
2
−1
(|0〉 |χ0〉 + |1〉U2U3U4 |χ1〉), where both, |χ0,1〉 are
normalized 3–qubit states in the CF [Eq. (3)] and for
i = 2, 3, 4, Ui = V
†
i Z(2αi)Vi, with Vi = e
iβiσ2Z(γi) for
some phases βi, γi. Using the CF of the three qubit states
and the fact that a controlled 3–qubit phase gate can be
written as a product of a 3–qubit and a 2–qubit phase
gates, it is straightforward to find the following CF for
4–qubit states,
|Ψ4〉 =
4∏
i=2
Z1i(αi)
∏
j
W j |+〉⊗4 ,
where W j are either local Clifford gates acting on qubits
2, 3, 4 or phase gates acting on up to three qubits (includ-
ing qubit 1).
In the same way the CF of an arbitrary number of
qubits, n, can be derived. As before, it is obtained by
the CF of (n − 1)–qubit states and is therefore defined
via the CF of 3–qubit states [Eq. (3)]. Hence, the CF
can be easily described and constructed for arbitrary n.
The number of required parameters (αi), Pn, is given re-
cursively by 2Pn−1 + 3(n− 1), with P3 = 5, which leads
to Pn = 2
n+1− 3(n+1)+ 2n−3. Due to the construction
only local Clifford and phase gates occur in the decompo-
sition and on the first qubit only phase gates are acting
on.
In order to derive now the resource state, |Φn〉 we use
the notion of deterministic gate implementation (see also
[13–15]). In [13] it has been shown how arbitrary phase
gates can be implemented deterministically on an arbi-
trary unknown input state, |ξ〉. We briefly recall the
idea here and then generalize it to arbitrary gates. To
implement a single qubit phase gate, Z(α), determinis-
tically, one might use the 3–qubit GHZ-state as an aux-
iliary state and perform a measurement in the Bell ba-
sis {σi ⊗ 1l |Φ+〉}3i=0, with |Φ+〉 ∝ |00〉 + |11〉 on one of
the qubits, say qubit 3 and the input qubit. Depend-
ing on the measurement outcome, i ∈ {0, 1, 2, 3}, party
2 chooses β to be +α for i = 0, 3 and −α for i = 1, 2
and measures in the basis Bβ given in Eq. (1). It is
easy to see that the resulting state is σk3σiZ(α) |ξ〉, where
k ∈ {0, 1} denotes the measurement outcome of party 2.
Thus, choosing the measurement basis of party 2 depend-
ing on the outcome of the Bell-measurement allows to
implement the gate deterministically, since σk3σi can be
applied to obtain the desired state. In the following we
will call this operator correction operator and the qubit,
which has to be measured in the basis Bβ in order to
implement the gate, controlling qubit.
This idea can be easily generalized to implement phase
gates acting on arbitrary many qubits [13]. Similarly
to above, one uses the fact that for any m–qubit phase
gate, Zm(α), we have Zm(α)σj = σjZm((−1)lα), with l ∈
{0, 1} for any j ∈ {0, 1, 2, 3}m. Again only one controlling
qubit is required which is measured in the basis B(−1)lα.
If k denotes the measurement outcome, then similarly to
above, the local correction operators are (σ⊗m3 )
kσi, where
i denotes the outcome of the Bell measurement.
FIG. 1: Deterministic gate implementation of a single qubit
gate: In a) the 3 gates are implemented consecutively. How-
ever, the Bell–measurements performed here can be done in-
dependently of the input state, which leads to the 5–qubit
state presented in b). Note that the local Clifford gates
(here H) only alter the Pauli operators. ik ∈ {0, 1, 2, 3} de-
notes the measurement outcome of the Bell measurement and
jk ∈ {0, 1} the measurement outcome of the measurement on
the controlling qubits. The signs of the measurement angles
depend on the increments, ik, jl.
The gate implementation explained above can be gen-
eralized to implement arbitrary gates. In order to see
that, let us first consider an arbitrary single qubit uni-
tary, U(α1, α2, α3) ≡ Z(α1)HZ(α2)HZ(α3). The gates
could be implemented consecutively using the corre-
sponding auxiliary states [see Fig. 1]. However, as il-
lustrated in Fig. 1 the single qubit gate can also be im-
4plemented deterministically via a 5–qubit state. Note
that the order of the measurements has to be respected,
since the signs of the measurement angles depend on the
measurement outcome of the previous measurements (see
Fig. 1). Note further that the 5–qubit state (Fig. 1) is
a stabilizer state [16], since the GHZ state is a stabilizer
state and all the measurements and the local Clifford
gates map a stabilizer state to a stabilizer state.
Since any 2–qubit gate can be decomposed into lo-
cal unitaries and a non–local part, which is of the form
ei
∑3
i=1 αiσi⊗σi [17] such a gate can be easily decomposed
into local Clifford and phase gates. Hence, the state re-
quired to implement this gate can be determined like in
the case of single qubit gates. As any gate can be de-
composed into single–and two–qubit gates, the successive
implementation of gates explained here, allows to deter-
ministically implement an arbitrary n–qubit gate. The
corresponding auxiliary states are always (pn+2n)–qubit
stabilizer states, where pn denotes the number of phase
gates (which are not Clifford gates) in the decomposition.
Note that the value of the phases can be fixed at the very
end by choosing the corresponding measurement basis.
For REP we construct now the resource state, |Φn〉.
We denote by Un the unitary such that |Ψn〉 ≡ Un |+〉⊗n
is the CF of an n–qubit state. As we have shown before,
Un can be decomposed into local Clifford gates and Pn
phase gates. Thus, a (Pn + 2n)–qubit state is required
to implement Un deterministically for an arbitrary input
state. Hence, using |+〉⊗n as an input state, leads to a
(n + Pn)–qubit resource state, |Φn〉, which can now be
employed to generate any state |Ψn({αi})〉. As shown
above, measuring locally the Pn controlling qubits in the
bases B±αi [see Eq. (1)] leads to one of the states in Eq.
(2). The reason why only two out of four Pauli operators
occur on the first qubit is that on the first qubit only
phase gates (and no local Clifford gates) are acting on.
Combining the CF and the construction of the corre-
sponding resource state, we have now derived the REP
protocol presented at the beginning. Considering for in-
stance the 3–qubit case, it is straightforward to show that
the resource state is given by the 8 qubit state (see also
Fig. 2 in Appendix B),
|Φ3〉 = H6Z8(pi
4
)H8Z7(−pi
4
)Z2(
pi
4
)S12S23 (4)
S37S24S25S27S46S48S58S67S78 |+〉⊗8 ,
where Sij = |0〉 〈0|⊗1l+ |1〉 〈1|⊗σ3. Qubits 6, 7 and 8 are
held by B. Whereas, the first five qubits are the control-
ling qubits, which are held by A. She chooses freely the
parameters αi in Eq. (3) and therefore also the multipar-
tite entanglement B obtains. First, qubit 1 is measured
in Bα5 (see Eq. (1)), then qubit 2 in B±α4 etc., As be-
fore, the measurements have to be performed in a certain
order to make sure that the protocol is deterministic. A
computes the local correction operators and sends this
information to B. This requires only 53 cbits per qubit,
i.e. in total 1 cbit less than in RSP. The required entan-
glement shared between A and B corresponds to 1 ebit
per qubit [26].
So far we have considered the situation where A wants
to provide B with an arbitrary amount of multipartite
entanglement. However, one might even go beyond that,
as our only requirement is that all the actions are lo-
cal. Suppose that we allow B to perform an arbitrary
LOCC protocol. In this case it is sufficient to provide
B with those states, which are required to obtain any
other state via LOCC. For instance, if A provides B with
the maximally entangled state, |Φ+〉, B can afterwards
transform this state deterministically into any other bi-
partite state [18]. Since this can be achieved by sharing
initially a GHZ–state, the required resources are 12 ebits
and 12 cbits per qubit, which coincides in this case with
the resources required for REP. Let us now show that the
resources can be drastically reduced in case of 3–partite
entanglement. In [10] we show that via LOCC any 3–
qubit state can be obtained from a state given in Eq.
(3) with α3 = α4 = pi/4. The corresponding 6–qubit
resource state can be easily determined (see Fig. 3 a in
Appendix B). If A and B share this state, A can remotely
and obliviously prepare any state with α3 = α4 = pi/4
for B by choosing appropriate measurements on the 3
controlling qubits. In this case, A just needs to send 3
cbits to B as she only needs to specify the outcomes of
3 local measurements. Moreover, as can be easily seen
from Fig. 3 (b) in Appendix B, A and B share only 2
ebits. Thus, only one cbit and 2/3 ebits per qubit are
required.
Finally, let us present some applications of the REP
protocol introduced here, which emphasize the relevance
of REP. For instance, it can be used to send classical
information, which is encoded in the correction oper-
ators (see Appendix A). Moreover, REP can also be
used to derive robust entanglement purification proto-
cols for arbitrary states (see Appendix B for more de-
tails). Those protocols are very desirable since most ap-
plications of quantum information theory require pure
entangled states. Despite its importance, purification
protocols [19] have been only devised for stabilizer states
[20, 21], the W state [22], and LMESs [23]. In order to
purify to arbitrary states, the spatially separated parties
share initially the resource state, |Φn〉 (e.g. the state
in Eq. (4) for three–partite entanglement purification),
where the controlling qubits are kept by one party. Then,
the resource state, which is a stabilizer state, is purified.
After that, the controlling qubits are measured to obtain
the desired state shared between the spatially separated
parties. In Appendix B we show that this purification
process outperforms previously known multipartite pu-
rification protocols in the sense that the tolerable noise
is much higher.
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APPENDIX A: SENDING CLASSICAL
INFORMATION
The REP protocol does not only allow us to transmit
quantum information but also classical information. In
order to send classical information one restricts to REP of
locally maximally entanglable states (LMESs) [1]. Let us
first review some of the basic properties of LMESs. Any
n-qubit LMES can be written up to LUs in the form:
|Ψ〉 ≡ U |+〉n = U1,...,n
∏
Uik1 ,...,ikn . . .
∏
Ui |+〉⊗n ,(5)
where Uik1 ,...,ikn = e
iαik1 ,...,ikn
σ
(ik1
)
3 ⊗...⊗σ
(ikn
)
3 . Note that
equivalently a LMES (up to LUs) can be written as
2−
n
2
∑1
i1,...,in=0
eiβi1...in |i1 . . . in〉, with βi1...in ∈ IR. In
the following we will call a state with βi1...in ∈ {0, pi} pi–
LMES. It has been shown that for any n-qubit LMES, |Ψ〉
[Eq. (5)], one can construct a generalized stabilizer, gen-
erated by n operators Sk, k ∈ {1, . . . , n} [1]. These hermi-
tian and unitary operators are of the form Sk = Uσ
(k)
1 U
†
and their common eigenbasis is given by {σi3 |Ψ〉}i∈{0,1}n ,
where σ03 = 1l and σ
1
3 = σ3, i.e.
Skσ
i
3 |Ψ〉 = (−1)ikσi3 |Ψ〉 ∀k. (6)
A LMES is called k-colourable if one can assign to every
qubit one out of k colours in such a way that no qubits
interacting via a phase gate have the same colour [2].
LMESs can be easily implemented via deteterministic
gate implementation, since U [Eq. (5)] corresponds to a
product of phase gates. As has been shown in the main
text, the correction operators that can occur due to the
implementation procedure are always of the form σi3 for
i ∈ {0, 1}n. In particular in the deterministic gate im-
plementation of a general LMES of the form of Eq. (5)
all possible Pauli corrections occur with the same prob-
ablity. This is easy to see since in deterministic gate
implementation of a single–qubit unitary Ul the correc-
tion 1l⊗ . . .⊗σ(l)3 ⊗ . . . 1l occurs with probability 12 , which
ensures that in total the bitstring i corresponding to the
correction operation σi3 will be random.
In order to transmit classical information, A remotely
prepares a LMES, |Ψ〉 (known to B), for B. So B ob-
tains one of the states σi3 |Ψ〉. Note that the bitstring i
only depends on A’s measurement results. Therefore, it
is completely random and known to A. We show next
that, once B receives a copy of the state σi3 |Ψ〉, for some
i ∈ {0, 1}n, he can perform local measurements to ob-
tain partial information on the bitstring. The classical
information that is sent corresponds to the part of the
bitstring that B can determine via local measurements.
In order to show that B can get partial information on
the bitstring, we make use of the following lemma.
6Lemma 1. Let |Ψ0〉 be a pi–LMES, so that {|Ψi〉 =
σi3 |Ψ0〉}i∈{0,1}n is the common eigenbasis of a general-
ized stabilizer generated by {Sj = σ(j)1 ⊗ Uj}nj=1. Then
for any k ∈ {0, 1}n−1 (denoting the computational ba-
sis of all qubits but qubit j) and
∣∣ljx
〉 ∈ {|+〉 , |−〉} with〈
ljxk
∣∣ |Ψi〉 6= 0 it follows that 〈Ψi|Sj |Ψi〉 =
〈
ljxk
∣∣Sj
∣∣ljxk
〉
.
Proof. Let |Ψ〉 be an element of the common eigen-
basis. We write |Ψ〉 = ∑k∈{0,1}n |k〉 〈k|Ψ〉 ≡
2n−1/2
∑
k∈{0,1}n−1 |k〉 |φk〉, with |φk〉 normalized. Due
to the fact that |Ψ0〉 is a pi–LMES, it can be easily
seen that |φk〉 ∈ {|+〉 , |−〉} ∀k. Then 〈Ψ|Sj |Ψ〉 =
2−(n−1)
∑
k∈{0,1}n 〈φk|σ(j)1 |φk〉 〈k|U j |k〉, where we used
the fact that Uj is diagonal. Using that the ex-
pectation value of Sj is ±1 and the fact that
| 〈k|U j |k〉 | = 1 the equation above can only be fulfilled
if 〈φk|σ(j)1 |φk〉 〈k|U j |k〉 = 〈Sj〉 for any k. Since fur-
thermore 〈φk|σ3 〈k| |Ψi〉 = 0 ∀k this proves the state-
ment.
This Lemma allows us to identify the procedure for B
to learn part of the bitstring. To determine 〈Sj〉 mea-
sure σ1 on particle j and σ3 on the particles Nj that are
interacting with j. Denote by Mj all particles that are
neither j nor inNj . The state after the measurement cor-
responds to
∣∣ljx
〉
j
⊗|l〉Nj ⊗
∣∣φlx,l
〉
Mj
for
∣∣φlx,l
〉
some state
describing the remaining qubits and l ∈ {0, 1}|Nj|. Note
that we can choose, without loss of generality,
∣∣ljxl1 . . . 1
〉
to compute the expectation value according to Lemma
1, since
〈
ljxl1 . . .1
∣∣ |Ψi〉 6= 0 and Sj only acts on parti-
cle j and the qubits interacting with it. Using Lemma
1 the expectation value of σ
(j)
1 ⊗ Uj is given by mjml,
where mj is the measurement outcome of party j and ml
corresponds to 〈l|Uj |l〉. This procedure requires that B
knows the generators of the generalized stabilizer of the
LMES, |Ψ〉, that was prepared in deterministic gate im-
plementation, i.e. he has to know |Ψ〉. Note that as long
as the qubits ji are not interacting with each other this
procudure allows to determine all 〈Sji〉 on a single copy
of the state.
Note further that the measurements are local.
A pi–LMES which is k-colourable and only involves k-
qubit interactions is called k-regular LMES [2]. It is easy
to see that they fulfill the above stated condition and,
therefore, the expectation values corresponding to the
same colour can be evaluated on a single copy. Hence,
k-regular LMESs are useful in this context. This kind
of classical information might be useful in the context of
secure multipartite communication.
The resource state for the remote preparation of a LMES
[Eq. (5)] is maximally entangled in the splitting A ver-
sus B, i.e. the reduced density matrix of B is totally
mixed and the entanglement between A and B is 1 ebit
per qubit. Despite that fact, we have seen that B can
learn part of the bitstring via local measurements know-
ing that A has performed her measurements beforehand.
As we have seen via choosing between different set-ups
the REP protocol allows for the transmission of either
quantum or classical information without actually send-
ing it.
APPENDIX B: ROBUST ENTANGLEMENT
PURIFICATION TO ARBITRARY
MULTIPARTITE STATES
While most applications in quantum information the-
ory require entangled pure states, actual implementa-
tions unavoidably introduce noise to the target states.
For this reason, purification protocols to transform lo-
cally several copies of a mixed noisy state into a more
pure state have been thoroughly studied [3]. However,
with the sole exceptions of the W–state [4] and the
LMESs [2], purification protocols have been only de-
vised for stabilizer states, which are states that are LU–
equivalent to graph states. Let us briefly recall the def-
inition of graph states. Graph states correspond to pi–
LMESs, where each phase gate is acting only on 2 qubits.
They are often associated with a mathematical graph
consisting of a set of vertices, V , representing the qubits,
and a set of edges, E, representing the two–qubit phase
gates [5]. Graph states constitute a notable class, for
which efficient purification procedures have been given
[6, 7]. However, as is easy to understand, not every mixed
state can be purified locally and purification protocols
can only succeed if the noise lies below a certain thresh-
old.
Since our REP scheme relies on the parties sharing a
stabilizer state and then making local measurements on
it to obtain an arbitrary entangled state, this readily pro-
vides a purification protocol to all entangled states. Fur-
thermore, it turns out that the graph states correspond-
ing to our resource states fall under a class of graph states
for which the existing purification protocols are partic-
ularly robust against noise. Thus, we will show that in
certain scenarios using our scheme would allow to purify
to any given target state with significantly larger noise
thresholds than the purification protocols particularly de-
vised for other states such as the 3–qubit W–state [4] or
LMESs [2].
A usual scenario when studying purification schemes is
the following: A provider can prepare any desired entan-
gled state, which he then sends to the different distant
parties that need to use it. As each qubit is sent, it un-
dergoes a local quantum channel which is considered to
be the main source of noise. We will consider here that
every qubit i that is sent is subjected to local depolarizing
noise,
Ep(ρi) = pρi+ 1− p
4
(ρi+σ1ρiσ1+σ2ρiσ2+σ3ρiσ3). (7)
7We assume that the noise level p is the same for all qubits
that need to be transmitted. Once the distant parties re-
ceive the noisy state they can use LOCC to purify to
their target state. To see more clearly how our protocol
would work, let us restrict ourselves to the case of 3–qubit
states for simplicity. Instead of sending the target state,
A prepares the 8–qubit graph state corresponding to the
resource stabilizer state given in Eq. (4) in the main text,
which is needed to prepare any pure 3–qubit entangle-
ment and sends the corresponding 3 qubits to the parties
that constitute B [11]. These qubits undergo then some
noise, so A and B implement the corresponding graph-
state purification protocol to recover the original resource
state (4). After that, A carries out the required measure-
ments and transmits the outcomes to the parties in B,
who will then have a more pure copy of the target state
of choice. Therefore, one just needs to study how robust
is our graph state with the already devised purification
procedures for this kind of states.
It turns out that one of the most relevant properties of
graph states regarding purification is their colorability. A
graph is 2–colorable if we can label each vertex using just
two colors (say A and B) with the rule that no adjacent
vertices get the same color. N–colorable graphs are de-
fined analogously. Purification protocols for 2–colorable
graph states are simpler and usually more robust against
noise (this is because the qubits with different colors are
purified independently and as one purifies certain color,
noise is introduced in the qubits of a different color). As
one can easily see from Fig.2, our 8–qubit resource graph
state is 3–colorable.
FIG. 2: This graphic shows the graph state that is LU–
equivalent to the 8-qubit resource state for REP in the 3-qubit
case.
However, one may wonder whether there exists a 2–
colorable LU equivalent state to which the parties can
purify and after that apply local unitaries to obtain the
relevant graph state. All the different classes of graph
states up to 8 qubits have been studied in [8, 9]. Using
the invariants given in [10], it is lengthy but straightfor-
ward to check that our graph belongs to the class num-
ber 98 in [9]. According to this reference, there is no
2–colorable graph in this class. Hence, one must use a
3–color purification procedure in our case. However, as
depicted in Fig.2, one can color the qubits in such a way
that the third color C only appears once and not in the
qubits that are sent to B. It turns out that if the noise
only affects the qubits that are sent to B, the qubit with
color C does not get affected by the noise and, thus, a 2–
colorable purification procedure purifying qubits A and
B is enough to achieve the task. Implementing the proce-
dure given in [6], one finds that the state can be purified
if the noise affecting the 3 transmitted qubits is such that
p ≥ 0.39. To make the model more realistic, we can also
consider that the qubits that are kept by A undergo some
(although weaker) form of noise. Consider then similarly
local depolarizing noise for these other qubits with noise
level q. Now, if q 6= 1 all three colors are affected by
the noise and one then needs to actually carry out a 3-
color purification protocol [7]. Although the procedure is
still relatively robust (as we will see below when compar-
ing to other protocols), the 3–colorability raises the noise
threshold p for the transmitted qubits considerably even
under very weak forms of noise q for the 5 qubits kept by
A. In particular, for q = 0.99 one finds that purification
succeeds when p ≥ 0.50 while for q = 0.97 the threshold
is p ≥ 0.56.
However, interestingly, to purify locally to an arbitrary
3–qubit state one does not need to be able to remotely
prepare any 3–qubit state. It is enough to be able to
prepare any state in the 3–qubit maximally entangled
set as given in the main text, and then transform it by
LOCC to the desired state. Therefore, it is enough to
have the ability to purify to the 6–qubit resource graph
state that allows for remote preparation of the maximally
entangled set.
This graph state is also 3–colorable, but using again
the invariants of [10] one can find that this state belongs
to class 18, which includes 2-colorable graphs [8]. In fact,
using the local complementation rule [8] it is easy to find
the local unitaries that transform our graph to the one
shown in Fig.3 b). One, therefore, just needs to apply the
2–color purification protocol [6]. This allows for much
more robust purification when all qubits are subjected
to noise. In this case, the corresponding thresholds are
p ≥ 0.44 when q = 1, p ≥ 0.44 when q = 0.99 and
p ≥ 0.45 when q = 0.97.
As we have already stressed, not only the ability to
purify to any state is remarkable, but also the robust-
ness of the scheme. To test this, consider the purifica-
tion protocols for LMESs [2] and W states [4], which
are the few procedures known in the literature besides
graph states. For LMESs, we consider the 3–qubit regu-
lar LMES given by Eq. (5) when U is the 3–qubit pi-phase
gate, e.g. U = 1l − 2|111〉〈111|. If the provider prepares
this state and then sends it through the noisy channel,
8FIG. 3: a) This graphic shows the graph state corresponding
to the resource state for REP of the maximally entangled set.
b) Via local complementation one obtains the representative
of class 18.
the corresponding purification procedure works if the lo-
cal noise for the three qubits is such that p ≥ 0.81 [2],
which is noticeably worse than the threshold provided by
the procedure we give here for both cases, using the 8–
qubit and the 6–qubit resource graph states. The same
happens in the case of the W , for which the best-known
local depolarizing noise threshold is p ≥ 0.69 [4]. More-
over, the relative robustness of our scheme compared to
these protocols is of fundamental character as the latter
cannot be refined to achieve similar noise tolerances. To
see this, consider the case of the W state. If one sends
this state through the quantum channel given by (7), no
purification is possible when the local noise level is such
that p ≤ 0.58. This is because, the output of this channel
applied to theW state is PPT and, hence, non-distillable.
Remarkably, our scheme would allow to accomplish the
task under channels with such (and even considerably
bigger) amounts of noise for the transmitted qubits.
So far we have considered the situation where A wants
to provide the three parties in B, i.e. B1, B2, B3 with an
arbitrary entangled state. However, regarding entangle-
ment purification, one could also consider the situation
where the final goal is that A shares the target state with
B1 and B2. In this case, only 2 qubits need to be send.
In case the 8–qubit state is used, the thresholds change
to p = 0.46 (compared to p = 0.50 from above) if the
non-transmitted qubits undergo noise with q = 0.99 and
to p = 0.52 for q = 0.97 (compared to p = 0.56). The
change is even much more notable if the 6–qubit state is
utilized. In this case, the threshold changes from p = 0.44
to p = 0.34 (assuming no noise on the qubits which are
not transmitted).
Finally, notice that, of course, a similar purification
scheme can be established using teleportation. For that,
A would send one share of a bipartite maximally entan-
gled state to each party in B. After the noisy trans-
mission these pairs can be purified back to maximally
entangled states and then A would simply teleport the
target state. The purification to bipartite maximally en-
tangled states succeeds whenever p > 1/3 in our example
(assuming no noise in the qubits held by A), which of-
fers a better noise tolerance than our REP-based scheme.
However, notice that the teleportation strategy demands
that the parties in A remain together (otherwise they
cannot prepare and teleport the target state). On the
other hand, the REP strategy only requires local opera-
tions from the parties in A and, hence, once the resource
graph state has been distributed they can be spatially
separated and still prepare any target state. Despite this
fact, the REP leads to almost the same threshold as the
teleportation scheme. Since this case would be compara-
ble to our protocol if A keeps one of the three qubits for
which the threshold is p > 0.34, as stated above.
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